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Figure 1: Superradiant phase diagram in the λU -plane
for varying cavity damping κ. The color map represents
the steady-state value of (Re α)2, where Re α denotes the
real part of the cavity field amplitude, as a function of
the normalized coupling strength λ and normalized Kerr
nonlinearity U . Gray indicates multistable regions. (a)
For κ = 0.01, a continuous phase transition is observed.
(b) For κ = 0.1, a mix of continuous and discontinuous
transitions appears. (c) For κ = 1, the superradiant phase
occupies a larger region, and clear first-order transition
lines are visible. (d) For κ = 2, the superradiant region
shifts and expands, exhibiting complex phase boundaries.
These plots confirm the analytical predictions regarding
the nature of phase transitions (first-order vs. second-
order) as functions of κ and U

We explore the phase structure and dynami-
cal behavior of the quantum Rabi model in the
presence of Kerr-type photon–photon interactions
and cavity dissipation. Using a mean-field ap-
proach, we analytically and numerically character-
ize how the interplay between Kerr nonlinearity,
cavity damping, and light–matter coupling deter-
mines the nature of the superradiant phase transi-
tion.

Our main result is a classification of the su-
perradiant transition into second-order (continu-
ous) or first-order (discontinuous) types, depending
sensitively on system parameters. For weak Kerr
nonlinearity and low damping, we find a conven-
tional continuous transition, where the cavity field
amplitude grows smoothly from zero. In contrast,
at stronger Kerr nonlinearity or higher damping,
the transition becomes discontinuous—marked by
phase coexistence and an abrupt jump in the cav-
ity field. This behavior is captured analytically
through a reduced fifth-order polynomial arising
from the steady-state mean-field equations, and
mapped out in the phase diagrams shown in Fig. 1.

The phase diagram plots the steady-state field
amplitude as a function of the coupling strength
λ and Kerr nonlinearity U , for several values of
the cavity decay rate κ. It clearly demonstrates
how damping reshapes the superradiant region, enhances multistability, and triggers first-order behavior.
These results establish mean-field theory as a reliable guide to the rich equilibrium and near-equilibrium
structure of this driven-dissipative quantum system.

While quantum simulations reveal additional features such as slow oscillatory modes and possible
time-crystalline dynamics, this talk will focus on the mean-field analysis that predicts the structure and
type of phase transitions. The mean-field framework not only matches numerical data well in relevant
regimes but also provides physical insight into the mechanisms that control critical behavior – insight
useful for experiments in circuit QED, trapped ions, and related platforms.


